To every classical knot K, we associate a topologically defined biquandle B K , which we call the geometric biquandle of K. The construction of B K is similar to the topological description of the fundamental quandle given by Matveev. We find a presentation of the geometric biquandle and explain how it is related to the fundamental biquandle of the knot.
Introduction
A biquandle is an algebraic structure with two operations that generalizes a quandle. The axioms of both structures represent an algebraic encoding of the Reidemeister moves, and study of quandles and related structures has been closely intertwined with knot theory.
It is well known that every knot has a fundamental quandle, that admits an algebraic as well as a topological interpretation. Its topological description is due to Matveev [8] , who called it the geometric grupoid of a knot and proved that the fundamental quandle is a complete knot invariant up to orientation.
The fundamental biquandle of a knot, however, is purely algebraically defined. It is not clear whether it also admits a topological interpretation [4] . Various other issues concerning biquandles have not yet been resolved, see [9] .
To any classical knot, we associate a topologically defined biquandle B K , which we call the geometric biquandle of the knot. Our construction is similar to Matveev's construction of the geometric grupoid of a knot. The topological construction enables us to visualize the biquandle operations directly and improves our understanding of the biquandle structure. Another advantage of this construction is that it defines a functor from the (topological) category of knots in S 3 to the category of biquandles.
We show that the geometric biquandle B K is a quotient of the fundamental biquandle, but its structure is simpler than that of a general biquandle. This paper is organized as follows. In Section 2, we give the definition of a biquandle, recall some of its basic properties, define biquandle presentations and the fundamental biquandle of a knot. Section 3 is the core of the paper, in which we define the geometric biquandle of a knot, prove that it is a biquandle and study some of its properties. In Section 4, we investigate the geometric biquandle from the perspective of a knot diagram. We find a presentation of the geometric biquandle and show that is is a quotient of the fundamental biquandle.
Preliminaries
For an introduction to biquandles, we refer the reader to [5] , [6] , [7] .
Definition 2.1 (Biquandle axioms).
A biquandle is a set B with two binary operations, denoted by the symbols , and , such that B is closed under these operations and that the following axioms are satisfied:
1. For every a ∈ B, the maps f a , g a : B → B and S : B × B → B × B, defined by f a (x) = x a , g a (x) = x a and S(x, y) = (y x , x y ), are bijections.
2. For every a ∈ B, we have f A biquandle (B, , ) in which a b = a for all a ∈ B is called a quandle.
It follows from the first biquandle axiom that the map S : B × B → B × B has an inverse. Define two new operations and on B by Proof. We compute
and the desired equalities follow.
Proof. Let f : X → Y be a biquandle homomorphism. Choose elements a, b ∈ X and denote f (b a ) = x and f (a b ) = y. By Lemma 2.2 we have a b b a = a, and since f is a biquandle homomorphism, it follows that f (a b ) f (b a ) = y x = f (a). Also by Lemma 2.2, we have b a a b = b, and since f is a biquandle homomorphism, it follows that
. Putting those two equalities together, Lemma 2.2 gives
The fundamental biquandle of a knot is usually defined via a presentation, coming from a knot diagram. Following [3] , we define biquandle presentations categorically. Definition 2.4. Let A be a set. A free biquandle on A is the biquandle F BQ (A) together with an injective map i : A → F BQ (A), characterized by the following. For any map f : A → B, where B is a biquandle, there exists a unique biquandle homomorphism f :
For a biquandle X, let j : A → X be a map and let j : F BQ (A) → X be the induced biquandle homomorphism. Let R ⊂ F BQ (A)×F BQ (A) be a relation on the set F BQ (A). We say that A|R is a presentation of the biquandle X if
2. for any biquandle Y and for any map f :
Any classical knot may be given by its diagram, ie. the image of a regular projection of the knot to a plane in By a knot we will mean a subspace of S 3 , homeomorphic to a circle, together with a fixed orientation of its normal bundle. For a knot K, denote by N K a regular neighborhood of K in S 3 and let
, then let z 0 and z 1 be two antipodal points of
We say that two elements (a 0 , a 1 ), (b 0 , b 1 ) ∈ B K are equivalent if there exists a homotopy
It is easy to see this defines an equivalence relation on the set B K . The quotient set B K = B K / ∼ will be the underlying set of the geometric biquandle of K.
Remark 3.1. Observe that every element of B K is given by a pair of paths (a 0 , a 1 ) in E K . The homotopy class of the path a i is an element of the fundamental quandle Q(K) with the basepoint z i for i = 0, 1. We thus obtained the set B K by taking pairs of representatives of the fundamental quandle Q(K), and then imposing on those pairs a new equivalence relation.
The set B K is closely related to the group of the knot K. For any point p ∈ ∂N K , denote by m p the loop in ∂N K , based at p, which goes once around the meridian of K in the positive direction according to the orientation of the normal bundle. Define two maps p i :
the same element of the fundamental group π 1 (E K , z 0 ) (see Figure 2 ).
Another map
Denote by [a 0 , a 1 ] ∈ B K the equivalence class of the element (a 0 , a 1 ) ∈ B K . We have found a way to associate to each element [a 0 , a 1 ] of the set B K two elements of the fundamental groups
Using this association, we will now define the operations on B K .
Define two binary operations (called the up-and down-operation) on B K by
We intend to show that these operations induce operations on the quotient space B K , and that B K equipped with those operations forms a biquandle.
, it follows by Lemma 3.2 that there exists a homotopy Figure 3) . It follows that (a 0 , a 1 )
, it follows by Lemma 3.2 that there exists a homotopy
Corollary 3.5. There are induced up-and down-operations on B K , defined by
Lemma 3.6. The maps f a , g a : B K → B K , defined by f a (x) = x a and g a (x) = x a , are bijective for any a ∈ B K .
Proof. Define maps f a , g a :
It is easy to see that f a is the inverse of f a and g a is the inverse of g a , thus f a and g a are bijective. We need to show that B K equipped with those operations satisfies all the biquandle axioms.
1. Let a ∈ B K . The maps f a , g a : B K → B K , defined by f a (x) = x a and g a (x) = x a , are bijective by Lemma 3.6. Now observe the map S :
and compute
It follows that S is also a bijective map with inverse T .
Let
Since a 0 (0) = a 1 (0), we have m a 0 (0) = m a 1 (0) and therefore the path m a 0 (0) a 0 a 1 is homotopic to the path a 0 m a 1 (0) a 1 . It follows that f
a (a) . Similarly, we compute g
Since a 0 (0) = a 1 (0), we have m a 0 (0) = m a 1 (0) and therefore the path a 0 m a 1 (0) a 1 is homotopic to the path m a 0 (0) a 0 a 1 . It follows that g
a (a) . 
Therefore B K is a biquandle.
Since B K is a biquandle, there are two more operations and on B K , defined by S −1 (a, b) = (b a , a b ). We call those operations the up-bar and the down-bar operation respectively. It follows from the proof of Theorem 3.7 that the bar operations are computed as
Definition 3.8. Biquandle B K is called the geometric biquandle of the knot K.
Observe that in the case of the geometric biquandle, the name biquandle becomes further justified, since every element of B K is represented by an ordered pair of paths (whose homotopy classes represent the elements of the fundamental quandle). We might ask ourselves which biquandles could be constructed from two quandles in a similar way.
In the remainder of this Section, we study properties of the geometric biquandle B K . It turns out that its structure is quite simpler than that of a general biquandle.
Lemma 3.9. On B K , any up-operation commutes with any down-operation.
and similar equalities hold for the up-bar and down-bar operations. 
and similarly in the other three cases. Proof. We have
and similar calculations settle the other cases. 
Presentation of the geometric biquandle
Recall the setting described at the beginning of Section 3. For a knot K in S 3 , we have chosen a regular neighborhood N K and fixed an orientation of the normal bundle of K. We have also chosen the basepoints z 0 and z 1 , which represent two antipodal points of the boundary sphere of a 3-ball neighborhood of N K . Choose a coordinate system in which the points z 0 and z 1 have coordinates (0, 0, 1) and (0, 0, −1) respectively, and let D be the diagram of K obtained by projection to the plane z = 0.
As before, we denote by A(D) the set of semiarcs and by C(D) the set of crossings of the diagram D. We would like to find a presentation of the geometric biquandle B K in terms of the knot diagram. is a presentation of the geometric biquandle B K .
Proof. Let R = {crossing relations for each c ∈ C(D) , R a,b,c for each a, b, c ∈ A(D)}. We will define a map j :
. for any biquandle Y and for any map f :
, where a 0 is any path from the parallel curve to the semiarc a to z 0 that passes over all the other arcs of the diagram, and a 1 is a path from a 0 (0) to z 1 that passes under all the other arcs of the diagram.
(proof of 1.) By definition of a free biquandle, there exists a unique biquandle homomorphism j : F BQ (A(D)) → B K that extends the map j, and it is given by
It follows from Lemma 2.3 that j also satisfies where i denotes the sign of the crossing between γ 0 and its overlying semiarc b i , while φ i denotes the sign of the crossing between γ 1 and its underlying semiarc c i .
It follows from the above definition of f that for any a ∈ A(D),
We need to show that f is a well defined map on B K and that it is a biquandle homomorphism. To show that f is well defined, we have to check that any representative of the equivalence class [γ 0 , γ 1 ] gives the same value of f . During a homotopy from (γ 0 , γ 1 ) to another representative (α 0 , α 1 ), the following critical stages may occur:
(a) The initial point γ 0 (0) = γ 1 (0) moves to another semiarc.
First suppose that the initial point of γ i is at the semiarc a, while the initial point of α i is at the semiarc d where a c = d (see Figure 6 ). 
For the two remaining cases, we prove the invariance in a similar way. 
thus f is indeed a biquandle homomorphism.
To prove uniqueness of f , observe that by Corollary 3.13, any element of B K can be written as [γ 0 , γ 1 ] = j(a) j(w 1 ) j(w 2 ) , where a ∈ A(D) and w 1 , w 2 are elements of the free group, generated by A(D). If g : B K → Y is any biquandle homomorphism for which g • j = f , then we have
Corollary 4.2. For any knot K, the geometric biquandle B K is a quotient of its fundamental biquandle BQ(K).
Corollary 4.3. The geometric biquandle is a knot invariant.
